Path dependent options are options whose payoffs depend on the path dependent function F t = F (S t , t) defined specifically for the given nature of path dependence of the asset price process S t . The most well known examples are the lookback options and Asian options. In a lookback option, the payoff function is dependent on the realized maximum or minimum price of the asset over certain period within the life of the option. The Asian options are also called average options since the payoff depends on a preset form of averaging of the asset price over certain period. Consider an arithmetic average Asian option that is issued at time 0 and expiring at T > 0, its terminal payoff is dependent on the arithmetic average A T of the asset price process S t over period [0, T ]. The running average value A t is defined by
with A 0 = S 0 . We are interested in the correlated evolution of the path function with the asset price process. In the above example of arithmetic averaging, the law of evolution of A t is given by
A variant of the lattice tree methods (binomial/trinomial methods), called the forward shooting grid (FSG) approach, has been successfully applied to price a wide range of strong path dependent options, like the lookback options, Asian options, convertible bonds with reset feature and Parisian feature, reset strike feature in shout options, etc. The FSG approach is characterized by augmenting an auxiliary state vector at each node in the usual lattice tree, which serves to capture the path dependent feature of the option. Under the discrete setting of lattice tree calculations, let G denote the function that describes the correlated evolution of F with S over the time step ∆t, the relation of which can be expressed as
For example, let A n denote the discretely observed arithmetic average defined by
where S i is the observed asset price at time t i , i = 0, 1, · · · , n. The correlated evolution of A n+1 with S n+1 is seen to be
Another example is provided by the correlated evolution of the realized maximum price M t and its underlying asset price process
In the construction of the auxiliary state vector, it is necessary to know how many possible values that can be taken by the path dependent state variable.
For the lookback feature, the realized maximum asset price is necessarily one of the values taken by the asset price in the lattice tree. However, the Dai [5] . Below is a list of various applications of the FSG approach in lattice tree algorithms for pricing strongly path dependent options / derivative products:
• Options whose underlying asset price follows various kinds of GARCH processes [10] • Path dependent interest rate claims [11] • Parisian options, alpha-quantile options and strike reset options [6] • Soft call requirement in convertible bonds [7] • Target redemption notes [1] • Employee stock options with repricing features [8] In this article, we illustrate the application of the FSG lattice tree algorithms for pricing options with path dependent lookback and Asian features, convertible bonds with the soft call requirement (Parisian feature) and call options with the strike reset feature.
Lookback options
Let the risk neutral probabilities of upward, zero and downward jump in a trinomial tree be represented by p u , p 0 and p d , respectively. In the FSG approach for capturing the path dependence of the discrete asset price process,
we append an augmented state vector at each node in the trinomial tree and determine the appropriate grid function that models the discrete correlated evolution of the path dependence. Let V n j,k denote the numerical option value of the path dependent option at the n th -time level and j upward jumps from the initial asset value S 0 . Here, k denotes the numbering index for the values assumed by the augmented state vector at the (n, j) th node in the trinomial tree. Let u and d denote the proportional upward and downward jump of the asset price over one time step ∆t, with ud = 1. Let g(k, j) denote the grid function that characterizes the discrete correlated evolution of the path dependent state variable F t and asset price process S t . When applied to the trinomial tree calculations, the FSG scheme takes the form:
where e −r∆t denote the discount factor over one time step.
(n, j) Figure 1 . The discrete correlated evolution of the path dependent state variable F t and asset price process S t is characterized by the grid function
We consider the floating strike lookback option whose terminal payoff depends on the realized maximum of the asset price, namely,
The corresponding discrete analogy of the correlated evolution of M t and S t is given by the following grid function [see equation (6)]:
As in usual trinomial calculations, we apply the backward induction procedure, starting with the lattice nodes at maturity. Suppose there are a total N time steps in the trinomial tree so that the maximum value of the discrete asset price process is S 0 u N , corresponding to N successive jumps from the initial value S 0 . The possible range for realized maximum asset price would The terminal option value at the (N, j) th node and k th value in the state vector is given by
Applying backward induction over one time step from expiry, the option values at the (N − 1) th time level are given by
where the terminal option values are defined in equation (9) . The backward induction procedure is then repeated to obtain numerical option values at the lattice nodes at earlier time levels. Note that the range of the possible values assumed by the path dependent state variable narrows as we proceed backward in a stepwise manner until we reach the tip of the trinomial tree.
Asian options
Recall that the asset price S n j at the (n, j) th node in the trinomial tree is given by
where u = e ∆W with ∆W = σ √ ∆t. Here, σ is the volatility of the asset price.
The average asset price at the n th time level must lie between {S 0 u −n , S 0 u n }.
We take ρ < 1 and let ∆Y = ρ∆W . Let floor(x) denote the largest integer less than or equal to x and ceil(x) = floor(x) + 1. We set the possible values to be taken by the average asset price to be
The earlier FSG schemes choose ρ to be a sufficiently small number that is independent of ∆t. The larger value chosen for 1/ρ, the finer the quantification of the average asset price. In view of numerical convergence of the FSG schemes, Forsyth et al . [3] propose to choose ρ to depend on √ ∆t (say, 
Next, we set A n+1 k + (j) to be S 0 e k + (y)∆Y for some value k + (j), that is,
Note that k + (j) is not an integer in general, so A 
corresponding to the new average at the (n + 1) th time level when the asset price experiences a downward jump and zero jump, respectively. Also,
, floor(k 0 (j)) and ceil(k 0 (j)) are obtained in a similar manner.
Let V n j,k + (j) denote the Asian option value at node (n, j) with the averaging state variable A t assuming the value A n k + (j) , and similar notation for V n j,f loor(k + (j)) , etc. In the lattice tree calculations, numerical option values for V n j,k are obtained only for k being an integer. Since k + (j) assumes a non-integer value in general, V n j,k + (j) is approximated through interpolation using option values at the neigbouring nodes. Suppose linear interpolation is adopted, we approximate V n j,k + (j) by the following interpolation formula:
where
∆Y .
The FSG algorithm with linear interpolation for pricing an Asian option can 8 be formulated as follows: 
Numerical convergence of FSG schemes
Besides linear interpolation between two neighboring nodal values, other forms of interpolation can be adopted (say, quadratic interpolation between 3 neighboring nodal values or nearest node point interpolation). Forsyth et al . [3] remark that the FSG algorithm using ρ that is independent of ∆t and the nearest node point interpolation may exhibit large errors as the number of time steps increases. They also prove that this choice of ρ in the FSG algorithm together with linear interpolation converges to the correct solution plus a constant error term. Unfortunately, the error term cannot be reduced by decreasing the size of the time step. To ensure convergence of the FSG calculations to the true Asian option price, they propose to use ρ that depends on √ ∆t, though this would lead to a large number of nodes in the averaging direction. More precisely, if ρ is independent of √ ∆t, then the complexity of the FSG method is O(n 3 ), but convergence cannot be guaranteed. If we set ρ = λ √ ∆t, which guarantees convergence, then the complexity becomes
Soft call requirement in callable convertible bonds
Most convertible bonds contain the call provision that allows the issuer to have the flexibility to manage the debt-equity ratio in the company's capital structure. To protect the conversion premium paid upfront by the bondholders to be called away too rapidly, the bond indenture commonly contains the hard call protection clause that prevents the issuer from initiating a call during the early life of the convertible bond. In addition, the soft call clause further requires the stock price to stay above the trigger price (typically 30% higher than the conversion price) for a consecutive or cumulative period before initiation of issuer's call. The purpose of the soft call clause is to minimize the potential of market manipulation by the issuer.
The path dependent feature that models the phenomenon of the asset price staying above some threshold level for a certain period of time is commonly called the Parisian feature. Let B denote the trigger price and the "Parisian" clock starts counting (cumulatively or consecutively) when the asset price stays above B. In the discrete trinomial evolution of the asset price, we construct the grid function g cum (k, j) that models the correlated evolution of the discrete asset price process and the cumulative counting of the number of time steps that S j ≥ B. Given that k is the cumulative counting of the number of time steps that the asset price has been staying above B, the index k increases its value by 1 when S j ≥ B. We then have
where 1 {S j ≥B} denotes the indicator function associated with the event {S j ≥ B}. In a similar manner, the grid function g con (k, j) that models the consecutive counting of the number of time steps that S j ≥ B is defined by
Using the FSG approach, the path dependence of the soft call requirement can be easily incorporated into the pricing algorithm for a convertible bond with call provision [7] . Suppose the number of cumulative time steps required for activation of the call provision is K, then the dynamic programming procedure that enforces the interaction of the game option of holder's optimal conversion and issuer's optimal call is applied at a given lattice grid only when the condition: g cum (k, j) ≥ K is satisfied.
Call options with strike reset feature
Consider a call option with strike reset feature where the option's strike price is reset to the prevailing asset price on a preset reset date if the option is out-of-the-money on that date. Let t i , i = 1, 2, · · · , M, denote the reset dates and X i denote the strike price specified on t i based on the above reset rule.
Write X 0 as the strike price set at initiation, then X i is given by
where S t i is the prevailing asset price at reset date t i . Note that the strike price at expiry of this call option is not fixed since its value depends on the realization of the asset price at the reset dates. When we apply the backward induction procedure in the trinomial calculations, we encounter the difficulty in defining the terminal payoff since the strike price is not yet known. These difficulties can be resolved easily using the FSG approach by tracking the evolution of the asset price and the strike reset through an appropriate choice of the grid function [6] .
Recall that S 0 is the asset price at the tip of the trinomial tree and the asset price after j net upward jumps is S 0 u j . In our notation, the index k is used as the one-to-one correspondence to the asset price level S 0 u k . Say, suppose the original strike price X 0 corresponds to the index k 0 , this would mean X 0 = S 0 u k 0 . For convenience, we may choose the proportional jump parameter u such that k 0 is an integer. In terms of these indexes, the grid function that models the correlated evolution between the reset strike price and asset price is given by [see equation (16)]
where k denotes the index that corresponds to the strike price reset in the last reset date and j is the index that corresponds to the prevailing asset price at the reset date.
Since the strike price is reset only on a reset date, we perform the usual trinomial calculations for those time levels that do not correspond to a reset date while the augmented state vector of strike prices are adjusted according to the grid function g reset (k, j) for those time levels that correspond to a reset date. The FGS algorithm for pricing the reset call option is given by 
and k assumes values that are taken by j and k 0 .
